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Equations of Motion of Flexible Spacecraft
PHILIP B. GROTE,* JOHN C. McMuNN,f AND RAFAEL GLUCKJ

TRW Systems Group, Redondo Beach, Calif.

This paper presents the derivation of the equations governing the motion of a flexible space-
craft. The spacecraft is modeled as a rigid central body with an arbitrary number of subsidi-
ary flexible bodies each separately pinned to the central body at an arbitrary point with no
interconnections between the subsidiary bodies. Forcing functions caused by environmental
forces and torques are included in the spacecraft model. The differential equations describe
the perturbed motion due to flexibility about an arbitrary nominal motion obtained when the
spacecraft is modeled as an interconnected system of rigid bodies. This approach leads to a
system of time-varying linear ordinary differential equations in which the time-varying co-
efficients depend on the nominal motion of the rigid body system which is presumed to be
available from another source. The flexible characteristics of the subsidiary bodies in this
derivation are obtained from existing digital computer programs for structural dynamics
analysis.

Nomenclature
a — acceleration of the main body origin of coordinates,

the nominal acceleration of the main body
Aa — mass properties associated with the main body, Aa =

fxa*dm a = 1,2,3
A,A* = sunlit area of the main body and body i, respectively
6* = position of attachment point of body i to the main

body relative to main body origin
Cjb* = scalar defined in Eq. (24)
d1 = position of body i mass center relative to body i axes
DI» = dissipation function associated with body i deformation
D<? — the dissipation function corresponding to the discrete

dampers located at the ith attachment point
Dkj* — the kj element of the equivalent viscous damping mat-

rix of body i
Ei = mass property dyad of body i defined in Eq. (8)
Ej = unit vectors fixed in the Earth inertial frame
gj — a vector providing the small rotations of the point at the

origin of body i, g^ = V X 0«(0)
h^ = a vector providing the small rotations of the point on

the_main body at which body i attaches, ha* =
-V X ?«(&<)

[/] = the identity matrix
7a0 = the principal moment of inertia tensor of the main body

Iaa may be expressed in terms of Aa, e.g., Iu = A2
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a dyad representing the stiffness of the springs acting
about the attachment point of body i to the main
body

= generalized stiffness matrix for body i
= nominal spring torque acting on body i at the at-

tachment point to the main body
= masses of main body and body i, respectively
= generalized mass matrix for body i
= a mass property dyad of body i defined in Eq. (8)
= designation of the number of rigid body degrees of

freedom of body i relative to the main body, n/t- =
0, 1, 2, or 3

= time-varying generalized coordinates associated with
the main body rotations (a = 1,2,3) and for the
kth mode associated with body i, respectively

= solar and gravity generalized forces; QHT^QQT^ are
associated with the main body translational co-
ordinates pp', and QHRP,QOR&, with the main body
rotational coordinates qp', and QiitfiQgtf with body
i flexible coordinates qtf

= mass property of the fcth mode of body i defined in
Eq. (8)

= position of a field point in the main body relative to
the main body origin, and in body i relative to
body i origin, respectively

= position vector of a surface point in body i measured
relative to body i attachment point

= total, main body and body i kinetic energies, respec-
tively

= main body and body i kinetic energy if the system is
rigid

= total strain energy and body i strain energy caused by
deformation, respectively

= unit dyad
= velocity of the main body origin of coordinates, the

nominal velocity of the main body
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p,p{ = change in position of the main body and body i origins
when the system of bodies is assumed flexible

W, W* = changes in position of a field point in the main body,
and in body i, respectively, caused by flexibility of
the system

J^)Xi = positions of the main body origin and of the body i
origin in inertial space if the system is assumed
composed of rigid bodies

tiarfa — unit vectors fixed in the main body and at body i at-
tachment point, respectively, while the system is
moving with nominal motion

Jy,Zjt/ = mass properties of body i defined by Eq. (8)
j8* = damping dyad defining the discrete dampers acting at

the ifh attachment point
y — gravitational constant for the Earth
0a

l = angles defining the position of body i relative to the
main body when the system is assumed composed
of rigid bodies, a = 1,2,3

A0a* = change in 0«l at the attachment point when the sys-
tem is assumed flexible

p}pi = position of a field point in the main body and body i
in inertial space when the system is assumed flexi-
ble

0« = rigid body modes associated with the main body when
the system is assumed flexible, a = 1,2,3

</>/ = the jth mode associated with body i
w,«* = total angular velocity of the main body and body i

when the system is composed of rigid bodies
V = vector differential operator, V = — x i -f — xi +

Subscripts
a,j8 = 1,2,3

Introduction

THE flexibility effects on vehicle dynamics have received
much attention in the design of aircraft and guided mis-

siles. Spacecraft dynamics differs from the dynamics of air-
craft and missiles in the following important aspects: 1)
Many spacecraft are much more flexible than aircraft or mis-
siles and are subject to more severe weight limitations; 2)
Spacecraft components often undergo large relative rotations,
complicating the dynamics of the system; and 3) Spacecraft
are often subject to stringent stability and pointing accuracy
requirements.

Several analytical investigations of flexible spacecraft, al-
though limited to very simple structures, have shown the pro-
found effect that structural elasticity has on spacecraft sta-
bility. Reiter1 demonstrated this conclusion for a gravity-
oriented satellite modeled as a simple beam. Robe and »Kane2

reached the same conclusion for a dumbell-shaped rotating
satellite and Robe3 extended the analysis to the case of two
tethered unsymmetrical Earth-pointing bodies. A NASA
monograph4 on the dynamic interaction of flexible space
vehicles contains relevant case histories, references and
guidance for the designer of controlled flexible spacecraft.
Likins5 reviewed and developed several approaches to the
derivation of the equations of motion of such systems, which
are assumed to include both rigid and flexible components.
He covered three basic approaches to the simulation of flexible
space vehicles: discrete coordinate methods, hybrid co-
ordinate methods, and vehicle normal coordinate methods.

The discrete coordinates methods require the application of
Newton's Laws to a collection of interconnected rigid bodies.
They involve few restrictions or approximations in the deriva-
tion but are very limited in application to flexible spacecraft
because of the difficulty of creating the required mathematical
model of a real vehicle without exceeding the practical limits
imposed on the computations by cost and computer capacity
considerations.

The hybrid coordinates methods are applied5 to spacecraft
which may be idealized as a collection of one or more rigid
bodies to each of which one or more flexible appendages are
attached. These methods employ position and attitude co-
ordinates for the rigid bodies of the system and modal defor-
mation coordinates for the elastic appendages. Two methods
of hybrid coordinates are proposed by Likins. In one, the
equations of motion of the flexible appendages and the total
vehicle are derived separately, assuming the appendages to
undergo only "small" deformations relative to a reference
frame which maintains an orientation relative to the support-
ing rigid body as prescribed by a direction cosine matrix (7,
which in general is time dependent. When the nominal in-
ertial angular velocity of the rigid body is zero, transforma-
tion of the appendage equations into modal coordinates in the
real domain § can be affected resulting in the uncoupling of the
flexible degrees of freedom.

In the second or "synthetic modes" method of hybrid co-
ordinates, the equations of motion to be solved are those of
the rigid primary structure which include the forces and
torques imparted by the flexible appendages. To facilitate
modal coordinate transformation in the real domain, it is
assumed that the rigid body undergoes only small displace-
ment in inertial space and that the relative angular rates of
the flexible components with respect to the rigid body are
small (although the angular displacement itself may be large).
The main feature of the hybrid coordinate methods is the
capability to uncouple and truncate the flexible coordinates
while retaining discrete dampers and rigid rotors in the simu-
lation. However, the conditions imposed by the modal trans-
formation limit the application of the truncated equations to
the simulation of the spacecraft steady-state motion.

Finally, the vehicle normal coordinates methods5 involve
transformation of all the kinematic coordinates of the simula-
tion and not merely the appendage deformation coordinates.
To facilitate modal transformation of the kinematic coor-
dinates in the real domain, the spacecraft system must be
nonrotating and void of discrete dampers, thus limiting
greatly the usefulness of this approach.

This paper presents the formulation of the equations of
motion of n flexible bodies, all attached to one*rigid body and
undergoing large relative rotations. The total motion of the
system is described as a superposition of linear elastic defor-
mation modes upon the arbitrary nominal large displacement
of the structure obtained when it is modeled as an intercon-
nected system of rigid bodies. The development, therefore,
is completely general and can be used to simulate acquisition
maneuvers as well as the steady-state motion of space ve-
hicles.

Discussion

The spacecraft configuration chosen for analysis consists of
a central rigid body and an arbitrary number of flexible sub-
sidiary bodies, each having one attachment point to the cen-
tral body with no interconnections between subsidiary
bodies. Each subsidiary body has up to three rotational de-
grees of freedom relative to the main body, with springs and
discrete dampers acting at the attachment point. Large-
angle rotations of the central body and of each subsidiary
body relative to the central body are allowed when the system
is modeled as an interconnected set of rigid bodies. The
flexible characteristics of each subsidiary body are expressed
in terms of three-dimensional elastic deformation functions.
These functions and the associated mass and stiffness ma-
trices form part of the input to the simulation and are ob-

§ The discussion is limited here to transformations in the real
domain because of the exorbitant cost of performing simulation
calculations with both real and complex numbers as required for
transformations employed in Ref. 5 when the vehicle is rotating
at a constant (nonzero) velocity.
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tainedrfrom an existing digital computer program for struc-
tural dynamics analysis. Energy is dissipated in the space-
craft system by discrete dampers acting at the attachment
points and structural damping in the subsidiary bodies.
The latter is expressed in terms of equivalent viscous damping
of the flexible degrees of freedom including a capability to
simulate dissipative coupling.

The approach that is described herein requires that the
vehicle's motion be represented as a small perturbation of an
arbitrary nominal motion obtained by treating the vehicle as
a collection of rigid bodies. Thus, the rigid body modeling
constitutes the first part of the proposed simulation, and the
nominal solution is obtained with a digital computer program
which solves the equations of motion of an interconnected set
of rigid bodies derived by the discrete coordinates method.8
Several versions of this program now exist at various NASA
facilities and aerospace companies. With the nominal motion
available, the equations governing the perturbed motion are
time varying linear ordinary differential equations. The
time-varying coefficients depend on the nominal motion which
may be discontinuous due to impulsive environmental and
control forces and torques acting on the system. When the
nominal motion is discontinuous, the perturbed dynamics and
control equations are piecewise linear in time.^

The perturbation approach to the simulation of a flexible
space vehicle subject to a linear control system offers several
important advantages when compared to a unified approach
where a system of nonlinear ordinary differential equations is
used to describe the total motion of the vehicle. The latter
approach is obtained if the limitations on the reference frame
motion imposed by the modal transformation requirements in
the hybrid coordinates method of Ref. 5 are relaxed. The
main advantages of the perturbation approach are:

1) Relevant information concerning the stability may be
obtained from the linear perturbation equations prior to their
integration. For slowly varying time dependent coefficients,
an indication of local stability may be established by the
algebraic solution of the associated eigenvalue problem at
selected times. This information may be used to determine
critical times in orbit most likely to reveal spacecraft insta-
bility and thus reduce considerably the total simulation.
Stability analyses based on Floquet methods are not applica-
ble (except in special cases) since the time varying coefficient
matrices of the coupled linear equations of motion are, in
general, nonperiodic. In contrast, the stability of the non-
linear differential equations in the unified approach may be
ascertained by detailed and costly integration over a long
period of simulated time.

2) The relatively inexpensive linear stability analysis of the
perturbation approach may be used to judge the number of
flexible modes needed to describe the flexible response ade-
quately. With the unified approach this may be done only
by observing the variation in the solution of the differential
equations when it is repeated several times with a different
number of flexible modes participating in the solution each
time.

3) The ability to analyze the effects of flexibility on the
spacecraft motion by perturbation of an analytically pre-
scribed nominal motion constitutes a distinct advantage in
fast, low-budget preliminary design efforts.

In a practical sense, the inherent assumption of "small"
deviations from the nominal motion does not limit the useful-
ness of this approach. Most next-generation spacecraft re-
quire fine pointing accuracy, and any spacecraft system for
which the perturbed motion due to flexibility is large would
presumably be redesigned.

1T An exception to this statement is the case where the nominal
state vector follows a singular trajectory as defined in Ref. 6.
Singular rigid body trajectories, however, may be regarded as
pathological and normally would not be subjected to perturba-
tion.

INPUT: MASS AND STIFFNESS
DATA FOR EACH FLEXIBLE BODY

INPUT: ORBITAL PARAMETERS
CONTROL LAWS, ENVIRON-
MENTAL PARAMETERS, SYSTEM
PARAMETERS

STRUCTURAL DYNAMICS PRO-
GRAM PROVIDES BODY MODES,
GENERALIZED MASS AND STIFF-
NESSES.

GENERALIZED SPACECRAFT
SIMULATION (GSS) PROGRAM
PROVIDES NOMINAL MOTION
OF RIGID SPACECRAFT

NOMINAL MOTION AND
STRUCTURAL DYNAMICS
DATA STORED ON MAGNETIC
TAPES

FLEXIBLE SPACECRAFT PROGRAM
TIME-VARYING MATRICES FORMED
FROM NOMINAL MOTION AND
STRUCTURAL DYNAMICS DATA TO
FORM PERTURBED EQUATIONS OF
MOTION

Fig. 1 Major steps to obtain flexible simulation.

Figure 1 presents a flow chart showing the principal steps in
this approach, and Fig. 2 shows how it is envisaged that the
program based on the formulation would be used in the design
process. The design is first verified in the usual manner using
a rigid body program. This condition satisfied, the struc-
tural dynamic inputs are established using a structural dy-
namic program. Before determining detailed motion for the
flexible system, a linear stability analysis is performed to
establish points in time at which the motion may diverge from
the nominal and to determine the number of modes needed in
the detailed integration. More detailed analyses are per-
formed at these times to verify the acceptability of the motion
of the system.

Basic Formulation

A Lagrangian approach is taken to formulate the equations
of motion.

PREDICT DETAILED
MOTION TO VERIFY
DESIGN AT TIMES
OF RELATIVE
INSTABILITY

Fig. 2 Program use in design process.
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Figure 3 presents a spacecraft in the nominal and perturbed
position and shows vectors used to define the configuration.
The main body origin 0 is located at the main body mass
center and body i origin at body i attachment point. The
nominal positions of the main body and body i origins in
inertial space are given by vectors X, X*, respectively.

Field points in the main body and body i relative to their
origins are given by vectors f and f*', respectively. 5* locates
body i attachment point relative to point 0. Vectors p p* de-
fine the location of field points in the perturbed position and
p, pi locate origins in the perturbed position of the system
relative to their nominal positions. Finally, W defines the
perturbed main body displacement field caused by small main
body rotations and Wi defines the deformed state of body i
relative to its underformed state. In the analysis, Wi is as-
sumed to be representable as a summation of vector field
functions with time varying coefficients.

The equations of motion of the system are derived by use
of Lagrange's equation which is

(1)
1,2,

where T is the kinetic energy, D the dissipation function, U
the strain energy and Qi the generalized force corresponding
to the coordinate <?t-. In the present case, the main body has
six degrees of freedom and each subsidiary body is given Tit-
degrees of freedom with respect to the main body; a total of

equations of motion are obtained. The n,- degrees of freedom
of body i consist of nfi (nfi = 0,1,2,3) rigid body modes, de-
pending on the degrees of freedom in the hinge point, and
Hi — nfi flexible degrees of freedom.

The generalized coordinates chosen to describe the per-
turbed configuration are three main-body translation co-
ordinates, pa three main-body rotations qa, and coordinates
for body, i, qtf. It is convenient to introduce three coor-
dinates Pa* to define the position of body i origin relative to
its nominal position. The pa» can be written in terms of pa,
qa and, therefore, are not independent coordinates and must
either be eliminated from T and Qi where they appear ex-
plicitly, or the constrained form of Lagrange's equation must
be used. The latter approach is taken. In the remainder of
this section, we derive expressions for T, D, [7, and Qi.

System Kinetic Energy

The system kinetic energy is the sum of the kinetic energies
of the individual bodies. Thus, it is only necessary to derive
the kinetic energy for an arbitrary body and then sum over
the bodies to obtain the total energy. Referring to Fig. 3,
the position of a mass element in body i in the perturbed con-
figuration is

and W* is represented in the form

= E

(2)

(3)

Since each subsididary body is assumed pinned to the main
body with rotational springs and dashpots acting about the
attachment point, any virtual slope change at the attachment
point results in virtual work performed by the springs and
dashpots. To minimize the number of terms of this type
which may arise, the deformation functions are derived by
assuming body i to be fixed at the attachment point. That
is, the coordinates gy, introduced in Eq. (3), are not defined

by any transformation which diagonalizes Eqs. (1) in this
paper, and indeed, for a general nominal motion, no such
transformation exists. The coordinates #**' are the modal
coordinates for vibration of the appendage when cantilevered
at the hinge point from a fixed base. Thus, all slope changes
at the attachment point are expressed in terms of the rigid
body modes.

The first nfi modes (nfi = 0, 1, 2, or 3) are the rigid body
modes. These are defined as follows for nfi = 3:

- xjxj

fa =
(4)

The attachment point of body i is at the origin of the co-
ordinate frame fixed in body i. Since, as mentioned previ-
ously, the flexible modes are derived by assuming body i to
be fixed at its attachment point to the main body, the flexible
modes of body i satisfy the conditions

V X = Of * Ufi (5)

(6)

where «• is the inertial angular velocity of body i. The vec-
tors X and p are derivatives calculated in an inertial reference
frame, while W* is calculated in a reference frame in which xa*
is fixed. The kinetic energy T of the system is then

The velocity of the mass point is

= £* + p + w* X (f* + JP') +

T = r- + £ r« = ~ f t-pdm
i= l & J *>m

¥,5 (7)

where Tm is the main body kinetic energy and Ti is the kinetic
energy of body i. The integrals extend over the main body
Bm and body i,Bt. The kinetic energy expressions Tm,T* are
derived in Ref. 7; T* is presented below and is composed of 15
terms.

i*- (& x E qk'RA + i"*- E &*&•• +\ * / k
?*•(«* X d^)mi + p*. (& X E qif&A +

#*• E 4*W + «*• ( E qtfftA •«< +
k \ k /

«*• E ft*?** + i w* YE E qtfqi'BkA •«* +
k \ k I /

E E
k j

* + (8)

where 2V is body i nominal kinetic energy, d* is the vector
defining body i mass center relative to body i origin and
[nikjY is the usual generalized mass matrix. Vectors Rk*t
YV, Zkf and dyads A/V, I?*/*' arise in the formulation due to
body i flexibility and are defined below

Rtf si fadmi (9)

t* = fsi X
(r2<£2

-
—

T'
^

f 4< = (AT32 -

(10)

(ID
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(<t>lk4>ll

and,

Z i __ /77T
kj — V&23 — +

(13)

Similarly, the kinetic energy of the main body is found to be

T* = T« + (m/2) 05 -p + 2£-j3) + gia>2Co3(A3 - A2) +
— Ai) + gio>i(A2 + A3) +

A2) — gi/2
2(A2o>3

2 + A3a>2
2) —

(g*V2):(Aa«i8 + Aico,2) - (g3
2/2)(Aico2

2

gig2A3coioo2 +

(A2 + A3

(f ^2 + i

+ + I ^- qj + — fa* j X

A3)

(14)

where TR™ is the nominal kinetic energy of the main body and
CO2 == CO ' CO.

System Damping

Two sources of energy dissipation are represented: dissipa-
tion by discrete dampers which act about each of the n at-
tachment points, and dissipation during flexible body defor-
mation. Each of these is modeled as viscous friction and is
introduced to the analysis by means of the concept of the dis-
sipation function.

The viscous dissipation function for body i is given by

where [ZV] is a symmetric matrix. The first three rows and
columns of [IV] correspond to the rigid body modes of body
i, and since these do not involve deformation, the first three
rows and columns of [Di*] are zeros. The total dissipation
function arising from deformation is

D = J^ Z)*

It is assumed that discrete viscous dampers may act about
any of the points at which subsidiary bodies attach to the
main body. The analysis which follows proceeds from the
definition of the dissipation function for the nominal motion,
this function is then modified to include flexibility effects, and
finally the contributions of all the discrete dampers to the
equations of motion are established. The dissipation function
for the dampers acting at the ith attachment point is

'Dj •&*•§*

In the case of flexible motion, 0* is replaced by

+ Z fc*4«* + Z

(16)

(17)

where

g«* = V X #(0), and V X <?«( -hj

System Strain Energy

The system strain energy arises solely from strain energy
due to appendage deformation. Attachment point springs
are included as generalized forces. The strain energy func-

dm1

565

(12)

tion for body i is
(18)

where K* is a matrix of generalized stiffnesses and g* is a
column matrix of body i flexible coordinates. The system
strain energy function is

U

Generalized Forces

Generalized forces arising from the effects of direct solar
radiation pressure, gravitational field effects, and attachment
point springs are included in the formulation. Other en-
vironmental or control forces and torques may be incorporated
into the equations in a similar manner. The generalized
forces are derived by computing the virtual work performed
by the force field when the body is given a virtual displace-
ment. The detailed derivations of the genealized forces due
to solar radiation pressure, gravity and attachment point
springs appear in Ref. 7, only the final results are presented
below.

The generalized forces for coordinates pa (a = 1,2,3) are

P i A i.& (\&\8 A. -xa (Ly)

and for main body rotational coordinates qa (a = 1,2,3)

'(5*' + si)dAi (20)

and finally for body i coordinates qtf (k = 1,2, . . . )

where JP8,P«* and 0a><?fcl are solar radiation pressures and
modal functions for the main body and body i. The integrals
extend over the sunlit surface of the spacecraft.

Main Body
(rigid body)

Perturbed
ifiguration

Body i
(flexible body)

Fig. 3 Vectors defining nominal and perturbed
configuration.
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The generalized gravitational forces for coordinates Pa (a
= 1,2,3) are

3ffi-3Qffi-a«)mq
l^l5 J (22)

and for coordinates qa (a = 1,2,3) these forces are given as:

QgRa = ~(7/|Z|3) J5 r-$a(r)dm +

t (X-r)[X-$a(r)]dm-

£T, -^
3 ,-. <.$a(6' + fO] *»< (23)

and finally for coordinates q^ (k = 1,2 . . .)

Q*< = -(7/1 *'!«)[*'•&' + c**] +
(37/1 X'l ')#• (<V ff (24)

where 7 is the Earth gravitational constant, CV = y (rifa +
y*2<^2 + n^isdm*, U is the identity dyad and the integrals ex-
tend over the bodies.

The generalized forces associated with the springs acting
about the attachment point of body i to the main body cor-
respond to the coordinates qa, and #/, (a — 1,2,3, j — 1,2,3).
For qa (a = 1,2,3) we have

w 3

E E (25)

and for coordinates #/ (j = 1,2,3)
3

Qtj = M-^' + Z qffi-KS-ga*

(26)

It was shown in Ref . 7 that the equations of motion of the
system are of the form

= (Q) (27)
where (a;) is the vector of unknowns and may be partitioned
as follows:

{ x } = {qi1 • • ffm1! • • igv • • qu* - - g»t'"j • • i^i" • • WSMtfiipiMfci}r

The matrices A, B, C, and Q may be partitioned in a cor-
responding fashion. Thus, we have for matrix A

A11

0

0
Alml

A^1

0

(n.-Xn<)
A»

•

0
(3 X n*)

A!-
(3 X n,-)

A2
wi

0

0

.
Ann

Aimn

A2
wn

Ailw i A2
lw

|

(nt- X 3)j(ni X 3)
Ai*w i A2

im

i
Ainm i A2

nw

(3 X 3) : (3 X 3)
Anwm 1 Ai2

wm

(3 X 3) i (3 X 3)
A2iWTO i A22

ww

(28)

In defining the various submatrices of A, the lower case
letter corresponding to the capital letter designating the
matrix is used to denote an element. Thus, the kj element of
the submatrix A** is given by a*/* = m*/; that is, A" is the
generalized mass matrix of body i. The matrices Ai*"1, and
A2

im, are submatrices of A*w, the matrix coefficient of qa, and
pa in the matrix equation corresponding to body i coordinates.
An element of Aim is defined by

V j = 4,5,6
Corresponding to main body coordinates qa we have

3» > — —
ftfci"** == x v (wfc(v*) * iCy*) (*Cj* * ./i/z*./y-i

for A; = 1,2,3 and I = 1,2, . . . , nt-, whereas corresponding to
the coordinates pa we have

3

for k — 4,5,6 and I = 1,2, . . . , n»-
The submatrix Amm is partitioned into four parts as follows:

n 3

t = l 1=1

for A; = 1,2,3, and j = 1,2,3, and where dkj is the Kronecker
delta.

n 3

and

= Z Z

= Z

n 6

Z Z
t = l 1=4

for A; = 4,5,6, and; = 1,2,3,

where k = 1,2,3, and j = 4,5,6

,j = 4,5,6

Matrix B is partitioned in the same manner as matrix A.
The elements of B are as follows:

for fc and y < n/z-, and where the last term was derived in Eq.
(17);

for k or j > nfi and where Ay* is an element of [/)•'] defined in
Eq. (15);

X

for; = 1,2,3; A; == 1, . . . ,

*y»'« = 0 for y = 4,5,6, and all k
3

£

fry*-' = Z

-(w' X 5y0

for; = 0,

-(«* X fiyO

for k > nfi

/t-, and k = 1,2,3;

for A; = 1,2,3, and; = nfi) n/t- + 1, . . .,

w1' X SyOl

for A; = 4,5,6, and ; = 1,2, . . . ,
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few— - E E (*b-r*iO[2roW- {w X &(&0} ]
Z = l i = l

for A; = 4,5,6, and j = 1,2,3

n 3

E E
for A; and j = 1,2,3, and where J is an operator defined in the
Nomenclature

bk.mm = o for k = 1,2,3, and; = 4,5,6

&*ymm = 0 for k = 4,5,6, and j = 4,5,6
Continuing in the same fashion, the elements of C are found
to be:

Cjfc/* = «*•£*/ + «•••(«*' X £y*0 - w<.ly*.«< - gi-T£.*-gj*
for A; and j = 1, . . ., n/»

Cjfc/* = CO'-Zfc/ + &)<•(«* + 2jif) - OO'-ljfe/'dV + #*,

for A; and j > n/»

cw« = c#« = «•£/*•' + «<•(«* X £/*•') - &.1Stf-&
for k or j > n^

'Ks'Sk* for fc and; = 1, . . ., n/,«
for k > nu

X £i(5<) + co X [co X #1(6*)]} •&<
for A; = 1,2, . . ., n,-, and; = 4,5,6, I - j — 3

cw*'.- E ' X fiy*)l - SS'KS'hS

for A; andj = 1,2,3

for/b = 4,5,6, j = 1,2, . . . , n <
n 3

™''[#b(E'>&'i xE
(*i<- [w X &(50 + co {co X &(&*)}])

for A; and j = 1,2,3, and where #*,• is the Ay element of matrix
[X] defined as

[X] -r

ckjmm = 0 for k = 1,2, . . . , 6, andy = 4,5,6
n 3

E E (£*-3'#I*')(w*£l''* [CO X &(6») +

« X {* X &(&*)}])
for A; = 4,5,6, and; = 1,2,3

ckjmm = 0 for k = 4,5,6 and j = 4,5,6.

It remains to define the force vector on the right side of the
equation

^''•fifc'' + QHK* + QgK* for k = 0,1, . . . nfi

S) ,• V"i D i I T~i V" V I ~ i f ~ i VX V" V\ ~ •>' ITf V ~ V I\J.K == -A * £\>K ~ i CO * JL k "T~ CO * (CO /\ J. k ) —" CO * /V jfc * CO "T"

Qffx1' + QOK* for A; = n/,-, nfi + 1, . . . , n,-

" 3 . . .
0«(6'>*i*M£'--*,< + ^-(«* xE

i-(^ X dO] + QuRa + Q.fla + Q« for a = 1,2,3
Finally,

n 3
E E (&-*iON''(^''-£i'' + -t*-(w* x fiO +

Xi<- (w< X 50] + Qirw + e^i for i = 4,5,6.

Concluding Remarks

The motion of a damped, controlled flexible spacecraft un-
dergoing arbitrarily large nominal motion, can be simulated
by a system of time-varying linear differential equations
representing motion relative to prescribed nominal motion.
The two principal advantages of this approach are 1) numeri-
cal solutions can be obtained which exploit the linearity to
reduce simulation costs for slowly time-varying coefficients,
and 2) a stability analysis can be performed to provide an
indication of local stability and a means of limiting the period
of time to be simulated. The work is being continued to ob-
tain atopological tree" formulations of the equations of
motion, solve numerical problems associated with modal
truncation, and reduce integration cost.
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